The two points spectral equations system of the 0-5th order cumulant approximation of the inviscid Burgers turbulence is formulated and the energy spectrum and the energy transfer are obtained as initial value problems. These results are compared with those from the 0-4th order cumulant approximation.
Introduction
In the theory of homogeneous and isotropic turbulence, the so-called closure problem has its central importance. Many workers have attacked this problem, which has not been sufficiently solved yet. Proudman and Reid (1954) and Tatsumi (1957) adopted the quasi-normality relation of cumulants and got a closed equations system. Their essential thought exists in connecting the fourth order cumulant with the second order ones. This model of turbulence-quasi-normality theory-introduced some interesting results of turbulent phenomena. Because of the mathematical complexity of the quasi-normality theory, the equations could not be solved strictly in time as an initial value problem, though the approximate solutions by the power series expansion in time and in the kinematic viscosity were obtained by Tatsumi (1957) .
For the first time, Ogura (1962 Ogura ( , 1963 found by the numerical analyses of the quasi-normality theory that the energy spectrum takes negative values during the decay of the large Reynolds number fluid. In this numerical calculation, he proposed a set of initial values of the energy * Present Affiliation : Kashima Branch , Radio Research Laboratory, Kashima, Ibaraki spectrum and the energy transfer. The former was selected so plausible as to really appears during the decay processes of turbulence, and the latter was thought not to exist for all wave numbers initially. We cannot obtain the final conclusion about whether the appearance of the negative energy is due to the quasi-normality approximation or the initial values which are used in the numerical calculation. Therefore, his drastic results gave us some problems of nonlinear mechanism of isotropic turbulence. In the present article, our main purpose is to make more strict equations system by connecting the fifth order correlation with the second and the third order ones. The validity of this assumption was shown by Frenkiel and Klebanoff's experimental study (1967) . By their experimental study of turbulence, the validity of the jointprobability function proposed by Kampe de Feriet (1966) which is essentially equivalent to the cumulant expansion approximation was testified.
We use the Burgers equation as a basic equation preliminarily in this article. The investigations of Burgers equation and its properties have been continued for a long time by Burgers (1939 Burgers ( , 1948 Burgers ( , 1950 . Recently the formulations of the 0-5th cumulant approximation are studied by Kawahara (1968 By multiplying (2-2) by u'u", (2-3) by uu" and (2-5) by uu', and adding them, we have where t is the time, v the kinematic viscosity, u the fluctuating velocity at point x. This equation is equivalent to that of the one-dimensional infinitely compressible fluid and was introduced and has been investigated by Burgers (1938 Burgers ( , 1948 Burgers ( , 1950 . It is more convenient in Burgers equation than in Navier-Stokes equation to get some perspectives of the non-linear properties and the viscous dissipation of turbulence. From this equation, the correlation equations can be obtained with some algebla.
In order to avoid the algeblaic complexity, we study the non-viscous equation which is given by Owing to make the degenerate forms such as u2u' and uu'2, we put the point x" on the point x. In this case, the each terms in (2-6) are Then (2-6) becomes
In this equation, the inertial interactions transport the energy from the lower wave number to the higher wave number without any viscous dissipation.
At first we obtain the correlation equations systems in two cases and then transform them into the spectral equations systems. In the first case, the quadruple correlations are related with the double ones (we call this the 0-4th approximation briefly) and in another case, the quintuple correlations are related with the double and the triple ones (we call this the 0-5th approximation).
In the case x"*x', we have
Then (2-6) is given by Further introducing a new notation after Frenkiel and Klebanoff (1967) , then (2-4), (2-7) and (2-8) are rewritten respectively by taking probability averages which is expressed by< >
In the case both x"*x and x"*x.
we obtain with and in the case both x"'*x' and x"*x', then we obtain
Subtracting (2-13) from (2-12) and putting then we have the following equations
Using above results, (2-16) becomes in each case R(r) is the double correlation and T(r) denotes the so-called skewness and these values were measured by Frenkiel-Klebanoff (1967) .
(ii) 0-5th approximation Owing to get more strict approximation, the higher order correlations are introduced. By the same way as before, the fourth order equation is as follows : P0(*1, *2) is the Gaussian joint-probability distribution and Hj,k(*1 *2), Gj,k(*1, *2) are Hermite polynomials of two variables. The sign * represents the dimensionless value. Using this joint-probability distribution, we obtain the following relations between correlations.
(i) even-order case Q(r) is obtained from R3,1(r), R1,3(r) and R2'2(r) which were also measured by FrenkielKlebanoff (1967) .
Closed equations systems
It is of significance in the present article to make closed equations systems in (2-14), (2-15) and in (2-14), (2-15)', (2-20). Following FrenkielKlebanoff (1967) , the higher order correlations of odd-order don't obey the Gaussian distribution exactly. Therefore, they adopted the GramCharlier type joint-probability distribution suggested by Kampe de Feriet (1966) . This probability distribution is given by (ii) odd-order case, Substituting (3-8), (3-9) into (2-15), then we have as a closed equations system, with Substituting (3-10), (3-11) into (2-20), we have as another closed equations system, where Hiroshi Tanaka 377
In above representations, *2 is defined as * 2=R(0) . The probability distribution proposed by Kampe de Feriet (1966) has two independent variables and can only be applied to the two points correlations. Owing to extend the usage of this type distribution to the many points correlations, it will be necessary to show that this type distribution is equivalent to the cumulant expansion method.
In the 0-5th cumulant approximation, we have (2-14), (2-15)' and (3-13),
The functions R(r), T (r) have Fourier transforms. Then we get By Fourier transforms, (2-14) and (3-12) are transformed respectively to
In the present theory, we are carrying on the one-dimensional case, then the subscripts i, j, k,l, m need not be used. Further, after some degenerations of u", u"' and u"'' to u or u', we get the quite same relations as (3-10) and (3-11).
Spectral equations systems
In the 0-5th approximation, Q (r) is represented as
In the limit r**, we shall expect to have
Above two spectral equations make a closed set of the 0-4th approximation. With respects to the 0-5th approximation system, we have the following spectral equations by Fourier transformation of (2-14), (2-15)", (3-13)', then When Q (r) converges to a non zero constant value, this has no Fourier transform. In such a case, as Q(r) + *2**2/2 converges to zero for r**, then this value has a Fourier transform. Putting In above algebra we assume that *(k) is an even function, and in (4-5) and (4-7) After all, the total energy are conserved in this equations system.
Numerical analyses
It is interesting to perform the numerical calculations of the two equations systems in order to consider the decay processes of turbulence. Similar calculations were tried by Ogura (1962 Ogura ( , 1963 concerning with the 'quasi-normality approximation' equations system proposed by Proudman and Reid (1954) and Tatsumi (1957) . The present schemes of the numerical calculations are almost same with Ogura's ones.
If we introduce the dimensionless variables as follows Assuming the initial conditions of each spectrum, we can proceed the numerical analyses. As the initial conditions, we have no exact informations. Therefore we adopt some initial conditions to be thought plausible. These initial spectra must be selected so that these may satisfy the condition (5-3).
We proceed the numerical calculations in two cases. where r0 is constant which is defined as r0k0=1. The dimensionless variable r corresponds to the dimensionless wave number k. The representation of Q*(r, 0) is derived from the following relation and the representation of **(k, 0) is derived by the Fourier transforms of **(r, 0) which is given by
In all the present numerical calculations, the parameters are taken as I=100, *1= *2 =*3 = 0.01 and k0 =5. In the case of I=160, *1= *2=*3 =0 . 01 and k0= 5, there are little differences in the spectral values from the case of I=100. The energy conservation law is also given numerically with full reliability.
Results and discussions
The numerical calculations are performed fin above two cases. Fig. 1 (a) denotes the time changes of the energy spectral density *(k,*) and the energy transfer k*(k, z) in the 0-4th approximation of the first case. In this figure we know that the energy spectral density falls to the negative value when *= 37. Fig. 1(b) shows the time Fig, 1 (b) Time variations of the energy spectral density and the energy transfer in the 0-5th approximation in the first case. 'Arrow' shows the same meaning as in Fig.1 (a) .
variations of the energy spectral density and the energy transfer density in the 0-5th approximation of the same case. In this apprximation, the negative energy appears in 22nd time step. The negative energy appears fairly earlier in the 0-5th approximation than in the 0-4th approximation, although this result seems unexpected. The wave number region in which the negative energy appears in the 0-5th approximation is larger than in the 0-4th approximation. In the 0-5th approximation the negative energy appears at first at k= 11, on the other hand in the 0-4th one appears at k=5. From this point of view, the 0-5th approximation is more improved than the 0-4th approximation in the relatively low spectral range.
The shape of the energy transfer k*(k,*) of two approximations are different from each other. There are two peaks toward the negative direction in the energy transfer of the 0-5th approximation as you see. On the other hand, in the 0-4th approximation there is only a significant peak of k*(k,*) in the lower wave number range. Fig. 1 (c) is the energy spectral densities which are plotted in log-log co-ordinate. Though, in this figure, we find that the spectral density *(k, 37) of the 0-4th approximation obeys -1 power law fairly well, this spectral density is not steady in time. *(k,*) is larger in the 0-5th approximation at 22nd step in the large wave number range. This means that the energy is transfered through the wave numbers more effectively in the 0-5th approximation. Fig. 2 (a) , Fig. 2(b) , Fig. 2(c) are the corresponding figures in the second case to Fig. 1 (a.) , Fig.  1 (b) , Fig. 1 (c) in the first case respectively. The tendencies of the time variations of various values such as the energy spectral densities and the energy transfers are almost similar with the first case. The time step when the negative energy appears at first is *=18 in the 0-4th approximation and *= 12 in the 0-5th one. The wave number where the negative energy appears at first is k=8 in the 0-4th approximation and k= Through above two cases, we conclude that the appearance of the negative energy is delayed in time in the 0-4th approximation and is enlarged in the wave number in the 0-5th approximation.
Further the drastic time variations of the energy spectral density which occur in the 0-4th approximation are fairly removed in the 0-5th approximation.
Especially in the energy containing range, the 0-5th approximation gives the fairly plausible values of the energy spectral densities. If we introduce the 0-6th approximation, we can expect that the negative energy appears in the larger wave number than that in the 0-5th approximation. By using the present method of equation closure, the equations system of the 0-6th approximation can be easily introduced. The reason why the negative energy appears earlier in the 0-5th approximation than in the 0-4th approximaion is speculated as follows. In the 0-4th approximation the wave number range from which the almost all energy is transfered to the higher wave number range is lower than in the 0-5th approximation. Then in order for the energy to become negative in the 0-4th approximation, the greater deal of energy than in the 0-5th approximation must be transfered to the higher wave number range. In the first case, the energy differences between *= 0 and *=22 are as follows
The wave numbers k=5 and k=11 are those where the negative energies appear at first in the 0-4th approximation and in the 0-5th one respectively. The energy difference is larger in the 0-4th approximation than in the 0-5th one. Nevertheless, as the initial energy *(5, 0) is fairly larger than *(11, 0), the negative energy may appears earlier in the 0-5th approximation than in the 0-4th one. In the 0-5th approximations, the negative energies appear earlier in time than in the 0-4th one from above stated reason. Nevertheless, early appearances of the negative energy do not necessarily correspond to the insufficient approximations.
